Abstract. We prove geometric superrigidity for actions of cocompact lattices in semisimple Lie groups of higher rank on infinite dimensional Riemannian manifolds of nonpositive curvature and finite telescopic dimension.
1. Introduction 1.1. Geometric Superrigity. In the nineteen seventies, Margulis proved his famous superrigidity theorem to show that irreducible lattices in higher rank semisimple Lie groups and algebraic groups are arithmetic.
Theorem 1.1 ([Mar91]).
Let G, H be semisimple algebraic groups over local fields without compact factors. Assume that the real rank of G is at least 2 and let Γ be an irreducible lattice of G.
Any homomorphism Γ → H with unbounded and Zariski dense image extends to a homomorphism G → H.
Using the dictionary between semisimple algebraic groups over local fields and symmetric spaces of noncompact type (in the Archimedean case) and Euclidean buildings (in the non-Archimedean case), Theorem 1.1 can be interpreted in a geometric way. This is the subject of the so-called geometric superrigidity, see [Pan09] for a survey in french or the older [GP91] . Using this geometric interpretation, Corlette [Cor92] (in the Archimedean case) and later Gromov and Schoen [GS92] extended Margulis superridigity theorem in the case where G is a simple Lie group of rank 1 that is the isometry group of a quaternionic hyperbolic space or the isometry group of the Cayley hyperbolic plane. The main tool in these two former results are harmonic maps. Some time later, Mok, Siu and Yeung gave a very general statement [MSY93] of geometric superrigidity in the Archimedean case.
The framework of geometric superrigidity was extended [Mon06, GKM08] to nonpositively curved metric spaces, which may be not locally compact, in the particular higher rank case where Γ is a lattice in a product.
In [Gro93, 6 .A], Gromov invited geometers to study some "cute and sexy" infinite dimensional symmetric spaces of nonpositive curvature and finite rank. The geometry of these spaces X p (R) =O(p, ∞)/(O(p)×O(∞)) and their analogs, X p (K) over the field K Date: June 9, 2012. The author is supported by a postdoctoral fellowship of the Swiss National Science Foundation.
of complex or quaternionic numbers, were studied in [Duc12a] . Gromov also conjectured that actions of lattices in semisimple Lie groups on some X p (R) should be subject to geometric superrigidity.
In this article, a Riemannian manifold will be a connected smooth manifold modeled on a separable Hilbert space and endowed with a smooth Riemannian metric. In particular, such a manifold may have infinite dimension. See [Kli95] or [Lan99] for an accurate definition.
The main result of this paper is the following theorem. Theorem 1.2. Let Γ be an irreducible torsion free uniform lattice in a connected higher rank semisimple Lie group with finite center and no compact factor G. Let N be a simply connected complete Riemannian manifold of nonpositive sectional curvature and finite telescopic dimension.
If Γ acts by isometries on N without fixed point in N ∪ ∂N then there exists a Γ-equivariant isometric totally geodesic embedding of a product of irreducible factors of the symmetric space of G in N .
In the unpublished paper [KS99] , Korevaar and Schoen introduced the notion of FRspaces (Finite Rank spaces). Later Caprace and Lytchak introduced the notion of spaces of finite telescopic dimension in [CL10] , without knowing [KS99] . The two notions are the same for complete CAT(0) spaces and can be defined by an inequality at large scale inspired by Jung Inequality. For any bounded subset Y ⊂ R n , Jung proved that
see [LS97] and references therein. A complete CAT(0) space X has telescopic dimension less than n if for any δ > 0 there exists D > 0 such that for any bounded subset Y ⊆ X of diameter larger than D, we have
Theorem 1.2 applies to the particular case where N is a symmetric space of noncompact type and finite rank (see [Duc12b] for the meaning of noncompact type in infinite dimension). The fact that symmetric spaces of noncompact type and finite rank have finite telescopic dimension was expected in [KS99] and proved in Corollary 1.8 of [Duc12b] . Actually, it is proved that a symmetric space of noncompact type is a finite product of irreducible symmetric spaces of noncompact type and that irreducible factors of infinite dimension are some X p (K).
This theorem implies that there is no geometrically Zariski-dense (see [MP12, 5 .B]) action of a uniform lattice as in Theorem 1.2, on a symmetric space of noncompact type, infinite dimension and finite rank. In rank 1, it was shown that the isometry group of the real hyperbolic space H n has geometrically Zariski-dense actions on the infinite hal-00706235, version 1 -9 Jun 2012 dimensional hyperbolic H ∞ , see [MP12] .
The strategy to prove Theorem 1.2 goes as follows. We first use a result of existence of harmonic maps due to Korevaar and Schoen (see Theorem 3.1) for CAT(0) spaces targets. When the target is moreover a Riemannian manifold, the unique harmonic map is smooth, as it was proved for H ∞ in Proposition 7 of [DP12] . We conclude that the harmonic map is totally geodesic, thanks to an argument from [MSY93] . Remark 1.3. Theorem 1.2 extends to the case where G is the connected component of the isometry group of the quaternionic hyperbolic space or of the Cayley hyperbolic plane and N has nonpositive complexified sectional curvature. This last condition is satisfied when N is a symmetric space of noncompact type.
1.2. A flat torus theorem for parabolic isometries. In the last section, we include an extension for parabolic isometries of the well-known flat torus theorem [BH99, Chapter II.7]. This extension allows us to obtain a rigidity statement easily.
Let γ be an isometry of a CAT(0) space X. The translation length of γ is the number |γ| = inf x∈X d(γx, x); γ is said to be ballistic if |γ| > 0 and neutral otherwise. Since the infimum in the definition of |γ| may or may not be achieved, it is usual to distinguish between semisimple isometries, for which the infimum is a minimum, and parabolic isometries, for which the infimum is not a minimum. Let ϕ : G →Isom(X) be a homomorphism. We say that G acts by ballistic isometries on X if ϕ(g) is a ballistic isometry for any g = e.
A CAT(0) space X is said to be π-visible if any points ξ, η ∈ ∂X that satisfy ∠(ξ, η) = π are extremities of a geodesic line. For example, Hilbert spaces, Euclidean buildings and symmetric spaces of noncompact type are π-visible. Let H be a subset of Isom(X), we denote by Z Isom(X) (H) the centralizer of H, that is the set of elements in Isom(X) that commute with all elements in H. Theorem 1.4. Let X be a complete π-visible CAT(0) space and let A an abelian free group of rank n acting by ballistic isometries on X.
Then there exists a A-invariant closed convex subspace Y ⊆ X. The space Y decomposes as Z ×R n , Z Isom(X) (A) preserves this decomposition and the action Z Isom(X) (A) Y is diagonal.
Moreover, the action A R n is given by a lattice of R n acting by translations and for any a ∈ A, the action of a on Z is neutral. Corollary 1.5. Let Γ be a lattice in a semi-simple Lie group of real rank r. If Γ acts by ballistic isometries on a symmetric space of nonpositive curvature X then r ≤rank(X).
Harmonic maps
In this section, we recall the standard notions of totally geodesic maps and harmonic maps between Riemannian manifolds (maybe of infinite dimension). We refer to [Nis02] , among others, for an introduction to these notions in finite dimension.
Let (M, g) be a smooth Riemannian manifold with Levi-Civita connection ∇. Let u be a chart form an open subset U ⊂ M to an open subset V of a Hilbert space H. The restriction to U of any vector field X ∈ Γ(T M ) can be thought as a smooth map V → H and thus we can consider the differential DX of X as a linear map from H to itself. The Christoffel symbol of ∇, Γ(u) with respect to u, is defined by the relation
Let f be a smooth map between Riemannian manifolds (M, g) and (N, h) with Levi-Civita connections M ∇ and N ∇. The vector bundle f −1 T N , which is the vector bundle over M with fibers T f (x) N for x ∈ N , is endowed with the connection induced from N ∇, which we denote also by N ∇.
this connection is given by the formula
This connection is defined by the formula
The differential df of a smooth map f is a section of T M * ⊗ f −1 T N and f is called totally geodesic if ∇df = 0. One can think of this property in two equivalent ways. A map f is totally geodesic if and only if it preserves the connections, that is
And f is totally geodesic if and only if it maps geodesics to geodesics.
When M is finite dimensional, there is a more general notion. Let τ (f ) be the trace of ∇df . It is a section of the vector bundle
for any orthonormal base (e i ) of T x M . The map f is harmonic if τ (f ) = 0. Harmonic maps are important because they are solutions of a variational problem. Let || || be the norm associated to the Riemannian metric g ⊗ h on T M * ⊗ f −1 T N . Actually for x ∈ M , ||d x f || is the Hilbert-Schmidt norm of the linear map
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norm is well defined because T x M is finite dimensional. If M is complete and has finite Riemannian volume, the energy of f is
Harmonic maps are exactly critical points of the energy. There exists an equivariant version of this variational problem. Let Γ the fundamental group of a compact Riemann manifold M acting by isometries on N and let f be a Γ-equivariant map f :M → N . Since ||df || 2 is Γ-invariant, one can define the energy of f by E(f ) = M ||df || 2 . In the case where N is finite dimensional and non positively curved, the existence of equivariant harmonic maps was considered in [Cor88, Lab91] .
Harmonic maps for metric spaces targets
In [KS93, KS97] , Korevaar and Schoen developed a theory of harmonic maps with metric spaces targets (Jost developed also a similar theory, see [Jos97] 
We recall the definitions (not in full generality but in a framework convenient to our purpose) and refer to the original papers for details.
Let (Ω, µ) be a standard measure space with finite measure and let (X, d) be a complete separable metric space with base point x 0 . The space L p (Ω, X) for 1 ≤ p ≤ ∞ is the space of measurable maps u :
. This space is a complete metric space with distance satisfying
Let Γ be the fundamental group of a compact Riemannian manifold (M, g) and let ρ : Γ →Isom(X) be a representation of Γ. The group Γ acts by deck transformations on the universal coveringM of M . We denote by L p ρ (M , X) the space of measurable equivariant map u :M → X such that the restriction of u to a compact fundamental domain
where µ is the measure associated to the Riemannian metric g.
For u ∈ L p ρ (M , X) and ε > 0 the ε-approximate energy at x ∈M is defined by
where S(x, ε) is the ε-sphere around x and dσ is the measure induced by g on S(x, ε) divided by ε (dim(M )−1) . Now u is said to have finite energy if e ε converges weakly to a density energy e, which is absolutely continuous with respect to dµ and has finite L 1 -norm, when ε goes to 0. In this case, the energy of u is E(u) = M e(x)dµ(x). A minimizer of the energy functional is called a harmonic map.
In [KS97, Theorem 2.3.1], Korevaar and Schoen proved the existence of an equivariant harmonic map when the target is a CAT(-1) space under the assumption there is no fixed point at infinity. Actually, a Gromov-hyperbolic metric space, for example a CAT(-1) space, is nothing else than a metric space of telescopic dimension, or rank, at most 1 [CL10, Introduction] . In the unpublished paper [KS99] , the analog in the higher rank (but finite !) case is proved. We include the original argument.
Theorem 3.1 ([KS99, Theorem 1]). Let Γ be the fundamental group of a compact Riemannian manifold M with universal coveringM and let X be a complete CAT(0) space of finite telescopic dimension. If Γ acts by isometries on X without fixed point at infinity then there exists a unique equivariant harmonic map f :M → X. Moreover, this harmonic map is Lipschitz.
Proof. For L > 0, let C L be the set of Γ-equivariant maps fromM to X that are LLipschitz and have finite energy. Thanks to Theorem 2.6.
shows that u t is also convex for any t. Now, the L 2 -convergence of a sequence with a common Lipschitz bound implies the uniform convergence of this sequence and since a uniform limit of a sequence of L-Lipschitz maps is also L-Lipschitz, we obtain that C L is a closed convex subset of L 2 ρ (M , X).
The convexity of C L implies that X ′ is a convex subset of X. We want to show that for any x ∈ X ′ , there exists a unique map u ∈ C L that minimizes the energy among maps in C L such that u(
where C is some positive number and m is the midpoint of the segment [u, v] . Actually, Inequality (PI) is a Poincaré inequality (Lemma 3.2) for the function d(u, v), which is 2L-Lipschitz and vanishes at x 0 , and Inequality (CI) is [KS93, Inequality (2.6ii)]. Inequality (3.1) shows that an energy minimizing sequence (u n ) with u n (x 0 ) = x for any n is Cauchy and thus an energy minimizing map in {u ∈ C l | u(x 0 ) = x} exists and is unique. Let us denote by f x this map.
We define I(x) to be E(f x ). Now, we aim to show that I : X ′ → R + is a convex lower semicontinuous function. Assume this is the case, since I is Γ-invariant and lower semicontinuous, its lower levelsets X r := {x ∈ X ′ | I(x) ≤ r} are Γ-invariant closed convex subsets of X. Proposition 4.4 in [Duc12a] implies that the intersection ∩ r>inf I I r is non empty otherwise the center of directions associated to {I r } r>inf I would be a Γ-fixed point at infinity. Since ∩ r>inf I I r = ∅, there is an energy minimizing Γ-equivariant map, which is unique thanks to Inequality (3.1).
From the convexity of E, it is clear that I is also convex. Let r > inf I let x ∈ X be a limit point of a sequence (x n ) in X r . It suffices to show that f n := f xn is a Cauchy sequence in C L to obtain that I r is closed. Let I n = inf X 0 ∩B(x,1/n) I. We may assume that x n ∈ X 0 ∩ B(x, 1/n) and E(f n ) ≤ I n + 1/n. Now, Inequality (CI) in Proof. Let R be the diameter of M . By an abuse of notation, we also denote by f the function f • exp : T x 0 M → R and we denote by µ the pull-back, by the exponential map, of the measure associated to the Riemannian metric on M and we denote by dx the Lebesgue measure on T x 0 M . The measure µ is absolutely continuous with respect to dx and there are positive numbers c and C 1 such that the density υ of µ satisfies c < υ(x) < C 1 for any x in the R-ball around the origin in
Moreover,
Now, let n be the dimension of M and let σ be the Lebesgue measure on S n−1 . Using polar coordinates, the fact that ||∇f || ≤ L and Hölder inequality, we have for some
Once again, using Hölder inequality and the fact that the exponential map is finite to one on B(x 0 , R), we have for some
Smoothness
It is a standard fact that the most difficult part to obtain smoothness of weak harmonic maps is the first regularity step, which is the continuity of the harmonic map (see for example [Jos11, 8.4] ). In our situation, we already know that the harmonic map is Lipschitz and we can easily adapt the argument given in [DP12] , where the target is the infinite dimensional hyperbolic space.
Proposition 4.1. Let Γ be the fundamental group of a compact Riemannian manifold M with universal coveringM and let N be a simply connected complete Riemannian manifold of nonpositive sectional curvature. If Γ acts by isometries on N and f : M → N is a Γ-equivariant harmonic map in the sense of Korevaar and Schoen then f is a smooth harmonic map.
Proof. We only sketch the proof with the slight modifications to adapt [DP12, Proposition 7]. We already know that f is Lipschitz. Choose a point x ∈ N . Since N is a simply connected Riemannian manifold of nonpositive curvature, the Cartan-Hadamard Theorem [Lan99, IX.3.8] implies that the exponential map at x is a diffeomorphism from the tangent space T x N to N . This gives us a global chart and we can think of N as a Hilbert space (H, < , >) := (T x N, h x ) with a non constant Riemannian metric h. Moreover, since N has nonpositive sectional curvature, for any v ∈ H and any point y ∈ N ,
In this chart, the covariant derivative can be expressed by
where Γ(exp) is the Christoffel symbol of this chart. Let B be a ball inM of radius less than the injectivity radius of M . This way, the projectionM → M identifies B with a ball in M . Consider f as a map fromM to H. Inequality (4.1) shows that f | B , which has finite energy for the distance induced by h, has finite energy for the one induced by < , >, too. Thus, f | B is in the usual Sobolev space (for vector valued maps) W 1,2 (B, H). Since f is harmonic, it satisfies the equation
weakly. An induction on k shows that f | B is in W k,p (B, H) for any k ∈ N and p > 1. This shows that f is actually smooth.
A vanishing theorem
LetM be an irreducible symmetric space of noncompact type that is not the real or complex hyperbolic space and let Γ be a uniform torsion free lattice of Isom(M ). In order to prove a geometric statement of superrigidity in the cocompact Archimedean case, Mok, Siu and Yeung proved the existence [MSY93] of a 4-tensor Q onM that satisfies strong conditions. They also proved the following formula [MSY93, Theorem 3] hal-00706235, version 1 -9 Jun 2012
for an equivariant map f :M → N where N is a smooth Riemannian manifold of finite dimension
In this formula, Q•σ 2 4 (X, Y, Z, T ) = Q(X, T, Z, Y ) and the scalar products are those induced by the Riemannian metrics of M and N on (T * M ) ⊗4 ⊗ (f −1 T N ) ⊗2 and (T * M ) ⊗4 . Actually, the proof of this formula goes through in the case where N has infinite dimension, without modification. This formula, conditions satisfied by Q and the harmonicity of f imply that ∇df vanishes, that is f is totally geodesic.
Proof of Theorem 1.2. LetM be the symmetric space associated to G. Since Γ is a torsion free uniform lattice, the quotient space Γ\M is a compact manifold. SinceM has no fixed point at infinity of N , there exists a equivariant harmonic map f :M → N by Theorem 3.1. Thanks to Proposition 4.1, we know that f is a smooth equivariant harmonic map.
Assume first that G is simple, that is to sayM is irreducible. Now, Mok-Siu-Yeung above argument implies that f is totally geodesic. Since Γ does not fix a point in N , f (N ) is not reduced to a point. Now, since M is irreducible, f is an isometry up to rescaling the metric on M (see for example [Vil70] ). Now, ifM ≃M 1 × · · · ×M n with n ≥ 2 then thanks to a Bochner formula [MSY93, 11] , it is proved that the restriction of f to any fiber
The irreducibility of Γ allows the authors of [MSY93] to prove that f is actually totally geodesic and thus f factorizes through
where I is a non empty subset of {1, . . . , n}, π is the canonic projection and f ′ is an isometry (after renormalization of the metric on each factorM i for i ∈ I).
We now explain Remark 1.3. Let (N, h) be a Riemannian manifold with Riemann tensor R. Let X, Y be vectors in the complexified tangent space T x N ⊗ C at x ∈ N . We also denote by R and h the linear extensions of the Riemann tensor and the metric to the complexification of T x N . The complexified sectional curvature between X and Y is
where || || C is the Hermitian norm on ∧ 2 (T x N ⊗ C) induced by h, which is the norm associated to the scalar product
The result of [MSY93] , which is the existence of a tensor Q that implies the vanishing of ∇df for a harmonic map f , is true when N has nonpositive complexified sectional curvature and G is the connected component of the isometry group of the quaternionic hyperbolic space or the Cayley hyperbolic plane. Thus Theorem 1.2 is also true in this case.
Let C be the curvature operator as introduced in [Duc12b, 3.2] . We also denote by C its C-linear extension to
In the case where N is a symmetric space of noncompact type, C is nonpositive and thus, the complexified sectional curvature is nonpositive.
A flat torus theorem for parabolic isometries
We start with some preliminary results.
Lemma 6.1. Let X be a π-visible complete CAT(0) space. If Y ⊆ X is closed and convex then it is also π-visible. We recall that a ballistic isometry γ of a complete CAT(0) space X has two canonical fixed points at infinity, which we denote by ω γ and ω γ −1 . They are limit points at infinity of γ n x and γ −n x for any x ∈ X (see [CM09, 3 .C], for example).
Proposition 6.2. Let X be a π-visible complete CAT(0) space and let γ be a ballistic isometry of X. Then there exists a closed convex subspace Y ⊆ X that splits as Z × R. Moreover, Z Isom(X) (γ) preserves Y and acts diagonally. In particular, γ| Y acts as a translation of length |γ| along the factor R.
Proof. Let Y be the union of geodesics with endpoints ω γ and ω γ −1 . Since X is π-visible, Y is nonempty and γ-invariant. Moreover, Y is a closed subspace of X. Let x ∈ X be a limit point of a sequence (x n ) of points in Y . Let c n be the geodesic such that c n (0) = x n , c n (−∞) = ω γ −1 and c n (∞) = ω γ . Thanks to [BH99, Proposition II.9.22], c n converges to a geodesic c such that c(0) = x, c(−∞) = ω γ −1 and c(∞) = ω γ .
Since Y is closed, convex and γ-invariant, |γ| Y | = |γ|. The subspace Y decomposes as a product Y ≃ Z × R (see [BH99, Theorem II.2.14]) and γ preserves this decomposition.
Thus γ| Y can be written γ 0 × γ 1 . A simple computation shows that |γ| 2 = |γ 0 | 2 + |γ 1 | 2 . Assume for contradiction that |γ 0 | > 0 then there exists ω γ 0 ∈ ∂Z such that γ n 0 x 0 → ω γ 0 for any x 0 ∈ Z. Thus, for any x ∈ Y , γ n x → (arccos(|γ 0 |/|γ 1 |), ω γ 0 , ω γ ) in the spherical join ∂Z * ∂R = ∂Y . Lemma 6.3. Let A be an abelian group acting by isometries on a CAT(0) space X. The set N of neutral elements in A is a subgroup of A. Moreover, if A ≃ R n and the action is continuous then it is a linear subspace of A.
Proof. We recall that |a| = lim n→∞ d(nax,x) n for any x ∈ X. Thus |a + b| = lim Moreover, |a| = | − a| and |na| = n|a| for any n ∈ N. Thus, if A ≃ R n , by continuity |λa| = |λ||a| for any λ ∈ R and a ∈ A.
We are ready to prove Theorem 1.4.
Proof of Theorem 1.4. We prove this theorem by induction on n. For n = 1, this is Proposition 6.2. Now suppose n ≥ 2 and choose a primitive element a ∈ A and apply Proposition 6.2. We obtain an Z Isom(X) (a)-invariant closed convex subspace Y 1 ≃ Z 1 × R and a acts as a translation of length |a| on the R-factor. The group Z Isom(X) (a) acts also diagonally on Y 1 . Let N be the subset of A formed by elements b = (b 1 , b 2 ) of A such that |b 1 | = 0. Lemma 6.3 shows N is a subgroup of A. The subgroup N acts properly on R and thus is cyclic. It contains a and since a is primitive in A, N = aZ. Now let B be a free abelian group of rank n − 1 such that A = N ⊕ B. Observe that B acts by ballistic isometries on Z 1 . We can now apply an induction for B Z 1 and we obtain Y 2 ≃ Z × R n−1 ⊆ Z 1 . By induction Y 2 is Z Isom(Z 1 ) (B)-invariant and Z Isom(Z 1 ) (B) preserves this decomposition. Moreover, for any γ ∈ Z Isom(X) (A), γ Z 1 ∈ Z Isom(Z 1 ) (B) and thus γ Z 1 preserves Y 2 and acts diagonally on it. In particular, a Z 1 (which is neutral) has a trivial part on R n−1 . Now if we set Y = Y 2 × R ≃ Z × R n ⊆ X, Y has the desired properties.
Proof of Corollary 1.5. Thanks to [PR72, Corollary 2.9], Γ contains an Abelian free group of rank r. Since this Abelian free group acts also by ballistic isometries, it suffices to apply Theorem 1.4 to find a Euclidean subspace of X p (K) of dimension r and thus p ≥ r.
